A shock driven material interface between two fluids of different density is unstable. This instability is known as Richtmyer-Meshkov (RM) instability. In this paper, we present a quantitative nonlinear theory of compressible Richtmyer-Meshkov instability in two dimensions. Our nonlinear theory contains no free parameter and provides analytical predictions for the overall growth rate, as well as the growth rates of the bubble and spike, from early to later times for fluids of all density ratios. The theory also includes a general formulation of perturbative nonlinear solutions for incompressible fluids (evaluated explicitly through the fourth order). Our theory shows that the RM unstable system goes through a transition from a compressible and linear one at early times to a nonlinear and incompressible one at later times. Our theoretical predictions are in excellent agreements with the results of full numerical simulations from linear to nonlinear regimes.
Introduction
When an incident shock collides with an interface between two materials of different densities, the material interface becomes unstable. This phenomena is known as Richtmyer-Meshkov instability and plays an important role in studies of supernova and inertial confinement fusion.
This interfacial instability was theoretically predicted by Richtmyer [1] . The first experiment of this instability was performed by Meshkov [2] . Since then several experiments [3] [4] and numerical simulations [5] [6] [7] [8] [9] [10] [11] [12] on the growth of the RM unstable interfaces have been performed. Several theories have been developed by different approaches [1, [13] [14] [15] [16] [17] [18] . For review of current researches of Richtmyer-Meshkov instability, see [19] . Further references can be found in the proceedings of PCTM Workshops [20] and references therein. Most of previous theoretical work focused on the growth rate in linear regime. However, the growth of the RM unstable interface is nonlinear [8] and, for a long time, theories failed to give a quantitatively correct prediction for the growth rate of RM unstable interface in the nonlinear regime. Previous theoretical predictions were about twice as large as the experimental data on air-SF 6 .
In this paper, we present nonlinear theory for Richtmyer-Meshkov instability for compressible fluids in the case when the reflected wave is a shock. The development of the unstable interface is the formation and growth of fingers, called spike and bubble. A spike is a portion of heavy fluid penetrating into light fluid, and a bubble is a portion of light fluid penetrating into heavy fluid. The fingers are the dominant structures of the RM unstable interface. The overall growth rate of RM unstable interface is defined as the growth rate of the half of the overall size of the mixing zone between the two fluids. In the case of incompressible flow with infinite density ratio, Hecht. et. al [17] followed Layzer's approach [21] to develop a model and obtained an analytic expression for the asymptotic bubble growth rate. Our theory presented in this paper provides quantitative predictions for the overall growth rate of the unstable interface and the growth rates of spike and bubble in compressible fluids of all density ratio in the case of a reflected shock from early to later times. The agreements among our theoretical predictions, the results of full nonlinear numerical simulations and experimental data are remarkable.
Richtmyer proposed an impulsive model to simplify the dynamics of the RM unstable interface [1] . The model approximates the incident shock as an impulse (a delta function) and the post-shocked fluid as incompressible. The linear growth rate v imp of the fingers predicted by the impulsive model [1] is
where ∆u is the difference between the shocked and unshocked mean interface velocities, A = (ρ ′ − ρ)/(ρ ′ + ρ) is the Atwood number and ρ and ρ ′ are the post-shocked fluid densities. The incident shock propagates from fluid of density ρ to fluid of density ρ ′ . a 0 is the postshocked perturbation amplitude at the interface. Equation (1) is a widely used theoretical model for RM instability. For weak shocks, the prediction of (1) agrees quite well with the asymptotic growth rate from the linear theory for compressible fluids. A systematic comparison between (1) and the solution of the linearized Euler equations showed significant disagreement in certain physical parameter domains [16] . Even when the prediction of the impulsive model agrees with the result of the linear theory, it agrees in the regime where the nonlinearity is important and the linear theory is no longer valid. Most of the experimental and numerical simulations are conducted from the linear regime to the nonlinear regime. This is the time range which will be considered in this paper.
We present two main results in this paper: (i) a general formulation of perturbative nonlinear solutions for interfacial mixing between incompressible fluids (evaluated explicitly for the impulsive model through the fourth order); (ii) a quantitative nonlinear theory of compressible RM instability from early to later times. The goal of our theoretical study is (ii), which is more important. The results of (i) play essential roles in (ii). Now, we explain how the results of (i) is related to (ii).
In order to develop an approximate nonlinear theory for compressible RM unstable interface, we adopt the physical picture that the dominant effects of the compressibility occur near the shocks. This influences the material interface when the shocks are in the vicinity of the material interface, namely at early times. We assume that the initial disturbance at the interface is small.
Then, at early times the compressibility is important and the nonlinearity is less important. As time evolves, the magnitude of the disturbance at the material interface increases significantly and the transmitted shock and reflected wave move away from the interface. The effects of compressibility are reduced and the nonlinearity starts to play a dominant role in the interfacial dynamics. From this physical picture, we see that at early times the dynamics of the system are mainly governed by the linearized Euler equations for compressible fluids, while at later times the dynamics are mainly governed by the nonlinear equations for incompressible fluids. The RM unstable system goes through a transition from a linear and compressible one at early times to a nonlinear and incompressible one at later times. Our approach is to qualitatively separate the dynamics of the RM instability into two stages corresponding to early and later times. We determine an approximate solution in each stage. Then we match the early time solution and the later time solution to obtain an analytical expression which changes gradually from one to the other.
The matched solutions give quantitative predictions for the overall growth rate and the growth rates of spike and bubble at compressible RM unstable interface from early to later times.
The solution of the linearized Euler equations in the case of a reflected shock can be found in [1] and [16] . Richtmyer developed the linear theory for the case of reflected shock [1] . One of the authors and his coworker extended the linear theory to the case of a reflected rarefaction wave [16] .
In Section 2, we derive the nonlinear perturbation solutions for incompressible fluids. These perturbation solutions serve as a generating series for Padé approximations. In Section 3, we apply Padé approximations and develop a nonlinear theory of RM instability for compressible fluid. In Section 4, we present validation studies of the Padé approximations, our nonlinear theory, and the physical picture on which our theory is based. In Section 5, we present the quantitative predictions of the nonlinear theory for several cases. In Section 6, we give a summary and conclusion for our theoretical study.
Nonlinear Perturbation Solutions for Incompressible Fluids
As we have described in the previous section, at later times, the effects of compressibility are less important. Therefore we can approximate the fluids as incompressible. In this section we derive the nonlinear perturbation solutions for incompressible fluids. The expansion is in terms of the disturbance at the initial interface.
In Section 2.A, we derive perturbation solutions with general initial growth rate. A general formula is obtained for n-th order solutions. In Section 2.B, we demonstrate our solution method by evaluating the nonlinear solution of the impulsive model. The impulsive model has specific initial conditions for the growth rate. Explicit expressions for the growth rate of the unstable material interface is given through fourth order. Furthermore, the symmetry properties of the solutions of all orders have been determined analytically.
2.A. Governing Equations and Solution Procedure
Here we derive the nonlinear solutions for incompressible systems with no external forces and with general velocity distribution along the initial interface. The governing equations for inviscid, irrotational, incompressible fluids with no external forces are given by
Here the unprimed variables are the physical quantities in material 1 and the primed variables are the physical quantities in material 2. z = η(x,t) is the position of the material interface at time t.
ρ and ρ ′ are densities of material 1 and 2, respectively. φ and φ ′ are the velocity potentials in material 1 and 2, respectively. The velocity field is given by v → = −∇φ in material 1 and by
Two equations given in (2) come from the incompressibility conditions.
Equations (3) and (4) represent the kinematic boundary condition that a fluid particle initially situated at the material interface will remain at the interface afterwards. Equation (5) represents the dynamic boundary condition in which the pressure is continuous across the material interface.
We consider the single mode RM instability only in this paper. The initial shape of the material interface is given by η(x,t = 0) = a 0 cos(kx) and the initial velocity distribution along the material interface is given by η We expand all quantities in terms of powers of a 0 k, i. e. f = Σ f n . Here f n = φ n , φ ′n and η n , are proportional to (a 0 k) n . Then (2)- (5) can be expressed as
Since the boundary conditions given in (7)- (9) hold at the position z = η = n =1 Σ ∞ η (n) , they need to be further expanded at z = 0. After expanding the equations and collecting all terms of order (a 0 k) n , we have the following equations for the n −th order quantities.
with the initial conditions
Here δ 1n is Kronecker delta function. a . 
where
Note that the quantities on the right hand side of (16)- (18) are already known for the n −th order equations since they have orders lower than n . Equations (10)- (13) are linear equations for the n −th order variables η (n) , φ (n) and φ ′ (n) which we are going to solve for.
The n −th order solution can be expressed as
After substituting (19) - (21) into (11)- (13) and using the orthogonality of different Fourier modes, we have
with the initial amplitudes a i (n) (0) = a 0 δ 1n δ 1i and the initial growth rate a . (22)- (24) with the initial conditions are given by
for i ≠ 0. For the case i = 0, a 0 (n) (t) = 0 from the condition of incompressibility. From (11) and (12) , it follows that S 0
Since the velocities are the gradients of the velocity potentials and all the source terms in (16)- (17) involve differentiation with respect to x or/and z, the functional forms of b 0 (n) and b 0 (n) are irrelevant. Therefore we will not evaluate them explicitly.
Let us summarize the recursive procedure for obtaining the nonlinear solution. We progress from lower orders towards higher orders, starting from the first order. We first evaluate the source terms, namely the right hand sides of (16)- (18). These source terms are known from the lower order solutions. We determine S i (n) , S ′i (n) and T i (n) from these source terms. Then the n −th order solutions are simply given by (19)- (21) with a i (n) , b i
(n) and b ′i (n) given by (25), (26) and (27) 
2.B. Nonlinear Solution of Impulsive Model
Let us apply the solution procedure to determine the nonlinear solution of the impulsive model through fourth order. The impulsive model approximates that the fluids are at rest at t<0.
An impulsive force acts on the fluids at time t = 0 and results an impulsive acceleration g = ∆uδ(t).
Here ∆u represents the strength of the impulse. Then (5) becomes
After integrating (28) over time from 0− to 0+ we obtain the following initial condition (ρ ′ −ρ)∆uη − ρ ′ φ ′ + ρφ = 0 at z = η = a 0 cos(kx) and t = 0+.
(29)
For t ≥ 0+, (28) reduces to (5). Therefore our general solution procedure is valid for the impulsive model. The only thing we need to do is to determine the initial growth rate from (29). We further expand (29) at z = 0. The result is
Here R i (n) are determined by the Fourier mode decomposition of the right hand sides of the fol-
at z = 0 and t = 0. From (20) and (21), (31) can be expressed as
Finally from (22), (23) and (32), we obtain the initial growth rate for the impulsive model
Here σ = −A∆uk for the impulsive model. Therefore the nonlinear solutions to the impulsive model are given by (19)- (21) and (25)- (27) with the initial growth rate given by (33).
The explicit expressions through the fourth order are given by
+ 6t]cos(kx)
The first and second order solutions shown above are identical to the ones obtained previously by
Richtmyer [1] and Haan [14] , respectively. The derivations for (34)-(37) are given in the Appendices A, B and C. Now, we examine the symmetry properties of n −th order quantities.
From (18) and (31), T i (n) and R i (n) can be expressed as
The definitions of F i
(n) and G ′i (n) are obvious from (18) and (31).
The n-th order source terms have the following symmetry
The n-th order solutions have the following symmetry
In (40)- (44), σ remains fixed. In other words, we do not change the sign of A in the definition of σ. The proofs for (40)- (44) are given in Appendix D. From (43) we see that η (n) is an even (odd) function of A when n is odd (even). Therefore η can be expressed as
Here
contains all odd orders of a 0 and is an even function of A, and
contains all even orders of a 0 and is an odd function of A. We mention again that, here we keep σ fixed and do not include the implicit dependence of A in σ.
In Note that the time scales in Fig. 1 are from linear stage to early nonlinear stage. Figure 1 shows that, as the Atwood number approaches to 1, the spike becomes more narrow and grows faster. In Fig. 2 , we compare the shapes of a bubble and spike for A = 1. The solid curve is a spike and the dashed curve is a bubble. Figure 2 is obtained from Fig. 1(d) by flipping the bubble portion of the interface over the x-axis and translating it along the x-axis, so that the symmetry axis of the spike and bubble coincide. Figure 2 shows that, as t increases, the shape of spike becomes longer and narrower than that of bubble. In other words, the asymmetry between shapes of spike and bubble increases with time. Figure 3 shows that the interface becomes more and more symmetric, as the Atwood number decreases. We see that, for fixed value of σ, the spike for large A grows much faster than the one for smaller A, while the variation of A does not have a significant influence on the growths of bubble. However, for fixed impulse strength (or, fixed incident shock strength), the growth rates of both spike and bubble increase with A.
Padé Approximation and Nonlinear Theory for Compressible Fluids
We have systematically derived the nonlinear perturbation solutions for incompressible fluids. In this section, we construct the perturbation series for the overall growth rate and the growth rates of spike and bubble, and apply Padé approximation to extend the range of validity beyond the range of validity of series expansion itself. Then, we match the linear compressible solution at early times and the nonlinear incompressible solution at later times to arrive at a nonlinear theory for compressible fluids.
Let us discuss the initial conditions we are going to choose for the nonlinear solutions for 
Here we assume that a 0 k is small and that v 0 is proportional to a 0 . Then from (15), we have
v 0 will be determined later through matching. Applying the solution procedure given in Section 2.A, We have the following perturbation solutions for the initial conditions (45):
Note that, in (47)- (50), we did not use the initial conditions of the the impulsive model. This is due to the fact that the initial growth rate obtained from the impulsive model is based on the impulsive approximation to the incident shock. Such an approximation is not valid at early times for shock driven compressible fluids. The impulsive model contains two approximations: the incompressible approximation and the impulsive approximation. In our approach, we applied only the incompressible approximation at the later times, but not the impulsive approximation.
The spike and bubble are located at x = 0 and x = π/k, respectively. Let v sp and v bb be the growth rates at the tips of spike and bubble, respectively. Then
Here we have used the facts that η a contains odd cosine Fourier modes and that η b contains even cosine Fourier modes. η . a (0,t) represents the overall growth rate defined as v
The range of the validity of this perturbation solutions is quite limited. One of the standard methods to extend the range of validity beyond the range of validity of the finite Taylor series expansion series is a Padé approximation [22, 23] . Applying the Padé approximation to (51), we
Equation (53) that the overall growth rate decays at large times [8, 10] .
Similarly, we construct the P 2 1 Padé approximant for (52), and the result is
Following the same proof given in Appendix D, we have also checked that, for the single mode initial conditions given by (45), the perturbations solutions of all orders satisfy the same symmetry properties given by (40)-(44). Note that the Padé approximants given by (53) and (54) satisfy the symmetry properties shown in (43).
Equations (53) and (54) are approximate nonlinear solutions for incompressible fluids.
From the physical picture which we gave earlier, they are also approximate nonlinear solutions for compressible fluids at later times. At early times, the solution is given by the linear theory for compressible fluid, v lin . In order to develop a nonlinear theory for compressible fluids, we need to construct expressions which smoothly match the linear solution for compressible fluids at early times and the nonlinear solution for incompressible fluids at later times. Furthermore, the matching should allow us to determine v 0 .
We can adopt the techniques of asymptotic matching developed in boundary layer problems. In a boundary layer problem, the dynamics in a thin layer next to the boundary, called inner layer, is quite different from the dynamics in the region away from the boundary, called outer layer. One determines the solution in the inner layer, called inner solution, and the solution at the outer layer, called outer solution, separately, and match these two solutions to form matched asymptotics. Both inner and outer solutions contain integration constants which are determined by boundary conditions and matching which will be described shortly. We follow the same procedure. Since our system is an initial value problem, rather than a boundary value problem, a boundary condition is replaced by the initial conditions and the spatial variable is replaced by the temporal variable.
In our case, the inner solution is the linear compressible solution and the outer solution is the nonlinear incompressible solution given by (53). A recipe to determine v 0 in (53) was proposed by Prandtl at the beginning of this century, namely by taking the large time limit of inner solution and small time limit of the outer solution, and setting them equal [24] . Therefore, we have the equation v lin (t → ∞) = η 
Similarly, the outer solutions for growth rates of the spike and bubble can be obtained by setting 
The matched solution for the spike and bubble growth rates can be obtained in a similar way. 
for the overall growth rate,
for the growth rate of bubble and
for the growth rate of spike. Therefore we have achieved our goal of constructing approximate theories for the overall growth rates and the growth rates of the bubble and spike in compressible fluids. We emphasize that the range of validity of (57)-(59) are not limited to the range of validity of generating series (47)-(50). This is well known from the theory of Padé approximation [22, 23] .
It is easy to see that in the early time, or small amplitude limits, (57)-(59) approach v lin .
Equations (58) and (59) show that the spike grows faster than the bubble. We comment that our nonlinear theories given by (57)-(59) contain no adjustable parameter. Equations (57)-(59) are applicable to the systems with no indirect phase inversion only. An indirect phase inversion is defined for the situation a 0 (0+)v lin (t → ∞) < 0. (We use the notations 0− and 0+ to represent the times just before and after shock contact interaction, respectively.) For the case of reflected shock, the indirect phase inversion usually does not occur [16] . The comparison between results of the matched asymptotic technique (56) proposed by Prandtl and the matching given by (57) will be presented in the next section.
Validation of the the nonlinear theory and physical picture
In this section, we validate our nonlinear theory as well as our physical picture. Our theoretical derivations contain two major steps: one is the Padé approximation, and the other is the matching between the compressible linear solutions and the incompressible nonlinear solutions.
To check the validity of Padé approximation, we consider the incompressible fluids with A = 1. In Fig. 5(a) , we compare the predictions of the perturbation solutions, η . 1 and η
, the prediction from the Padé approximation given by (55) for incompressible system (the outer solution), and the result from the full nonlinear numerical simulation for the overall growth rate of the compressible unstable interface between air and SF 6 . Note that η . 2 and η . 4 do not contribute to the overall growth rate. The compressible interface is accelerated by a weak shock of Mach number 1.2 moving from air to SF 6 . The reflected wave is a shock. The initial amplitude of the perturbation is a 0 (0−) = 2.4mm, the wave length is 37.5mm and the pressure ahead of the shock is 0.8 bar. These physical parameters are taken from Benjamin's experiments [4] . The post-shock Atwood number is A = 0.701. Figure 5 In Fig. 5(b) , we compare the results from the compressible linear theory, the incompressible nonliner theory given by (55), the matched nonlinear theory for compressible fluids given by (57), and a full nonlinear numerical simulation for the overall growth rate of an air-SF 6 unstable interface. The physical parameters here are identical to the ones shown in Fig. 5(a) . Figure 5(b) shows that the technique of the matching is successful.
We comment that the difference between the predictions of (57) and the linear theory is due to the nonlinear effects; while the difference between the predictions of (55) and (57) is due to the compressible effects. Figure 5(b) shows that the dynamics of the RM unstable interface indeed changes from an approximately linear and compressible dominant one at early times to a nonlinear dominant and approximately incompressible one at later times. The transition occurs around the highest peak of the nonlinear growth rate. This validates the physical picture on which our theory was based.
In Fig. 6 , we compare the predictions of the matched asymptotics given by (56) which is derived from the matching technique proposed by Prandtl, the matched nonlinear theory given by (57), the full numerical simulation as well as the compressible linear theory and the impulsive model (1) for an air-SF 6 unstable interface. Figure 6(a) is for the overall growth rate and Fig. 6(b) is for the amplitude. Since the incident shock is weak, the prediction of the impulsive model is close to the asymptotic velocity of the linear theory. Figures 6(a) and 6(b) shows that the results of (56) and (57) indeed give same order of accuracy. The reader may compare Fig. 6(a) with Fig.   5 (b) to distinguish the prediction of (56) from that of (57). Since the expression of the matched nonlinear theory given by (56) is simpler than the one given by (57), we use (56)-(58) for the predictions of the growth rates.
We emphasize that our theory provides the quantitative growth rates from linear to nonlinear stages for all Atwood numbers. Although we have demonstrated that the range of the validity of the Padé approximant is significantly larger than that of primitive perturbation expansion, the range of the validity of the Padé approximant is still not infinity. Therefore, our theory may not applicable at asymptotic large times. In fact, at the time when v bb = 0, our theory is no longer valid. In reality, the unstable system becomes turbulent at very late times. The physics of fluid turbulence involves much more than just the nonlinearity [26] .
Quantitative Predictions
In this section we present the quantitative predictions of our nonlinear theory for the overall growth rate and the growth rates of the bubble and spike. to determine the overall growth rate of the unstable interfaces. The overall growth rate determined from the experimental data was 9.2 m/s over the time period 310-750 µs, (see Fig. 6(b) ).
When we applied the linear regression to the amplitude predicted by our theory and to the amplitude determined from numerical solution of full Euler equations, we found the identical growth rate 9.3 m/s for over that time period. Therefore, the prediction of our theory is in excellent agreement with the experimental result, as well as with the full nonlinear numerical simulation. , and the result from full numerical simulation can be found in Fig. 3 of reference [18] . As one expected, the theoretical prediction based on P 1 0 construction of Padé approximant is less accurate. However, our theoretical prediction is still quite good and is significantly better than the predictions of linear theory and impulsive model [18] .
In Fig. 8 , we compare the effects of different initial amplitude. We consider Kr-Xe unstable interface with the same physical parameters used in Fig. 7 . We choose the two initial amplitudes, Figure 8 shows that the predictions of (57) are in good agreement with the results of the numerical simulation for both cases and the nonlinear effect is more pronounced in the larger initial amplitude case.
In Fig. 9 , we compare our theoretical predictions for the the bubble and spike, i.e. (58) We comment that our theory is still valid at the early stage after the formations of the roll-ups, mushroom-shaped vortex structures, at the spike. The reason is that our theory is for the tips of the spike and bubble. The roll-ups are secondary structures which do not have significant effects on the growth rates at the early stages of roll-ups. At the later stage of roll-ups, the secondary structures do affect the growth rate of the spike. This is why the prediction for the spike growth rate becomes less accurate than that for the bubble at later times. For further improvement of the theory for RM instability, it may be necessarily to include the rotational effects in the dynamics of the spike.
Conclusion
In this paper, a nonlinear theory for Richtmyer-Meshkov instability in compressible fluids has been presented. The theory is applicable from the linear (small amplitude) regime to the moderately large amplitude nonlinear regime of the development of RM instability for systems with no indirect phase inversion. Most of full numerical simulations and experiments were conducted over this time range. Our theory may not be applicable at very late time. Our theory shows that the dynamics of RM instability is compressible and approximately linear at early time, and nonlinear and approximately incompressible at late times. This physical picture has been validated by the results from full numerical simulations.
Our theory provides analytical predictions (expressed explicitly in terms of the solution of the linear theory) for the overall growth rate, as well as the growth rates of the spike and bubble, of RM unstable interface with all density ratios. Our theoretical predictions are in excellent agreement with the results from full numerical simulations for compressible fluids, and the results from experiments on air-SF 6 unstable interface without any adjustable parameters.
In the process of deriving our nonlinear theory, we have developed the procedure to obtain the nonlinear perturbation solutions for incompressible fluids with arbitrary density ratio and arbitrary velocity distribution along the initial interface. We give an analytical expression for the n −th order solution. Our solution procedure is recursive, -the higher order solutions are expressed in terms of the lower order quantities. The nonlinear perturbation solution for the impulsive model are given explicitly through fourth order in this paper.
The nonlinear theory presented in this paper is for Richtmyer-Meshkov instability in two dimensions for the case of a reflected shock wave. Our theoretical approach can also be extended to the case of reflected rarefaction wave and the three dimensions.
Appendix A: Derivation of the First and Second Order Quantities
In this appendix, we derive the first order quantities η
and φ ′ (1) , and second order quantities η
and φ ′ (2) .
For the first order equations, (16)- (18) and (31) give 0≤i≤1
It follows that S i
= 0. Then from (25)- (27), we have the first order solution (34) and
For the second order equation, (16)- (18) and (31) give
+ ∂x ∂φ (1) ∂x ∂η (1) at z = 0,
+ ∂x ∂φ ′ (1) ∂x ∂η (1) at z = 0,
)η
) 2 ]
(1) − ρ ∂z ∂φ (1) at z = 0, t = 0.
The right hand sides of (A2)-(A5) can be evaluated analytically from the first order solution given by (34) and (A1). Then we can determine the Fourier coefficients. The non-zero Fourier coefficients are
From (25)- (27) and (31), we obtain the second order solution (35) and
Appendix B: Derivation of the Third Order Quantities
In this appendix, we derive the third order quantities η (3) ,φ (3) and φ ′ (3) . From (16)- (18), the source terms for the third order equations are given by
+ ∂x ∂φ (2) ) ∂x ∂η (1) at z = 0,
) ∂x ∂η ′
(1)
(1)2
)η (1) + ρ( ∂x ∂φ
) + ρ( ∂x ∂φ (1) ∂x ∂φ (2) + ∂z ∂φ (1) ∂z ∂φ (2) ) at z = 0.
and initial condition (31) is
]cos(kx) + 2
From the first order solution given by (34) and (A1), and the second order solution given by (35) and (A6)-(A7), we can evaluate the right hand sides of (B1)-(B4) explicitly. From these equations we can determine S i 3) , and R ′i (3) , The non-zero source terms are
From our solution formulae (25) we obtain (36) for η (3) , and from (26) and (26), we have
cos(3kx). (B6)

Appendix C: Derivation of the Fourth Order Quantities
In this appendix, we derive the fourth order quantities η (4) ,φ (4) and φ ′ (4) . From (16)-(18), the source terms for the fourth order equations are given by
+ ∂x ∂φ (2) ) ∂x ∂η
+ ∂x ∂φ (3) ) ∂x ∂η (1) at z = 0,
) ∂x ∂η
+ ∂x ∂φ ′
) ∂x ∂η (1) at z = 0,
+ ∂x ∂φ
+ ∂z ∂φ
at z = 0. From (31) we have
The non-zero Fourier coefficients are
From our solution formulae (25) we obtain (37) for η (4) , and from (26) and (26), we have 
